We report the design of a high-throughput gradient hyperbolic lenslet built with real-life materials and capable of focusing a beam into a deep sub-wavelength spot of λ/23. This efficient design is achieved through high-order transformation optics and circular effectivemedium theory (CEMT), which are used to engineer the radially varying anisotropic artificial material based on the thin alternating cylindrical metal and dielectric layers. The radial gradient of the effective anisotropic optical constants allows for matching the impedances at the input and output interfaces, drastically improving the throughput of the lenslet. However, it is the use of the zeroth-order CEMT that enables the practical realization of a gradient hyperlens with realistic materials. To illustrate the importance of using the CEMT versus the conventional planar effective-medium theory (PEMT) for cylindrical anisotropic systems, such as our hyperlens, both the CEMT and PEMT are adopted to design gradient hyperlenses with the same materials and order of elemental layers. The CEMTand PEMT-based designs show similar performance if the number of metal-dielectric binary layers is sufficiently large (9+ pairs) and if the layers are sufficiently thin. However, for the manufacturable lenses with realistic numbers of layers (e.g. five pairs) and thicknesses, the performance of the CEMT design continues to be practical, whereas the PEMT-based design stops working altogether. The accurate design of transformation optics-based layered cylindrical devices enabled by CEMT allow for a new class of robustly manufacturable nanophotonic systems, even with relatively thick layers of real-life materials.
Introduction
Concentrating optical energy into the smallest possible volume for a given free-space wavelength λ is one of the primary goals of non-imaging nanofocusing devices. Nanofocusing [1] has been explored for sensing [2] and nonlinear optics [3] [4] [5] through engineered antennas [6] [7] [8] and waveguides [9, 10] . Another immediate application of nanofocusing is in the industrially viable development of deep sub-wavelength optical lithography [11, 12] . Extreme nanofocusing is now recognized as a scientifically interesting method of generating the intense sub-wavelength-confined optical fields. However, translating nanophotonic nanofocusing techniques beyond proof-of-principle concepts to technologically relevant implementations remains a challenge. Although various attempts have been made to address this challenge, most approaches sacrifice industrial scalability for the sake of core metrics, such as throughput and focusing performance.
Recently, with the advent of the hyperlenses [13] [14] [15] [16] [17] [18] and the rapid development of the enhanced nanofabrication techniques, there has been a renewed interest in nanofocusing with hyperbolic media. In particular, a growing interest in utilizing the hyperlens techniques for optical lithography has emerged [19] [20] [21] [22] [23] . A hyperlens may be achieved through the fabrication of the concentric cylindrical binary metal-dielectric layers. The layered anisotropic lenslets with dielectric constants having opposite signs in the radial and tangential directions can, in principle, support the propagating waves with arbitrarily high wavenumbers [13] . Given that the diffraction limit of conventional optics is related to the upper bound on the wavenumber of the propagating waves, a hyperlens, a metamaterial-based lens with hyperbolic dispersion [19] [20] [21] [22] [23] [24] [25] , is not subject to this limit. Hence, it could be considered a promising nanofocusing design prototype for optical lithography and for other important applications.
Transformation optics (TO) is a systematic approach to constructing extreme photonic devices. This approach has already been used to optimize imaging devices and, when transferred to a ray optics framework, as a tool for designing omnidirectional light concentrators and absorbers [26] . A hyperlens with an impedance-matched single interface for super-resolution imaging has already been demonstrated [14] . However, it is not obvious whether this approach for imaging could be (i) successfully applied to a nanofocusing device, and (ii) further improved to enhance the throughput by matching impedances at both the input and output interfaces.
In the current paper, we report an approach for designing optimal nanofocusing with a high-throughput gradient hyperlens. The idealized gradient hyperlens (GHL) described in Section 2 focuses a beam into a deep sub-wavelength (about λ/23) spot with an output to input power throughput ratio of about 14. However, when this GHL is approximated with nine pairs of metal-dielectric layers, as described in Section 3, it gives comparable nanofocusing of λ/23 with a power throughput ratio of about 6. Such optimal performance is achieved via high-order transformation optics and a circular effective-medium theory (CEMT). These two techniques are adopted to engineer the radially varying the anisotropic artificial material based on the metal-dielectric bilayers, which are thin, alternating cylindrical metal and dielectric layers. The radial gradient of the effective anisotropic optical constants is designed using a high-order transformation optics approach [27] . Specifically, we use a cubic scaling transformation that makes matching the impedances at the input and output interfaces possible, thus providing a theoretical foundation for the significant throughput enhancement. However, it is the use of zeroth-order CEMT that allows us to implement the theory and enable the practical realization of the GHL designs with real-life metals and dielectrics.
To showcase the importance of CEMT (instead of a commonly adopted planar effective-medium theory, PEMT) for a layered anisotropic cylindrical system, such as our gradient hyperlens, both CEMT and PEMT are adopted in two hyperlens designs with the same materials and order of elemental layers. The CEMT-and PEMT-based designs show a similar performance if the number of metal-dielectric binary layers is sufficiently large (9+ bilayers) and hence the elemental layers are thin. However, for manufacturable lenses with a practical number of metal-dielectric bilayers (e.g. five pairs) and realistic thicknesses, the performance of the CEMT design continues to be acceptable, whereas the PEMT-based design exhibits a significant drop in performance. The initial prototypes of the layered transformation optics-based cylindrical devices enabled by CEMT allowed us to design a truncated half-cylinder lenslet with only five binary layers numerically optimized for manufacturabililty. As shown in Section 3, such a 440-nm radius device deposited on a substrate can provide a λ/13 spot with about 3.5 power throughput ratio. The proposed analysis and design techniques could mitigate the technical and complicated fabrication processes of hyperlenses. Furthermore, the proposed approach may be utilized to design nanophotonic structures for enhancing collection efficiency of single-photon sources and other quantum emitters.
Materials and methods

Nanofocusing with a higher-order transformation
We start with an analysis of how to simplify an ideal nanofocusing device designed via transformation optics. An ideal nanofocusing lens maps the field from its outer to inner interface in a controlled way. A trivial example of such a transformation is a very thin ring [27] . If we could transform this virtual ring into a physical domain with non-zero dimensions, preserving the field pattern at the boundaries, the resulting device would enable "ideal" nanofocusing (see Figure 1) . The scalar Helmholtz wave propagation equation is used to describe the system with cylindrical symmetry. For TM polarization, the magnetic field is expanded in a series and shown for an mth azimuthal Fourier mode,
.
Hence, the wave equation for the mth mode is reduced to
Here, the physical Cartesian coordinates (x, y, z) are defined through the cylindrical coordinates (ρ, φ, z) as x = ρcosφ, y = ρsinφ, and z = z; the prime corresponds to the radial derivative (∂/∂ρ); ε ρ and ε φ are the only nonzero diagonal components of the anisotropic permittivity tensor; and k is the wavenumber in free-space. Now we assume the coordinate transformation ρ = ρ(r), shown in Figure 1 , that maps a thin circular ring r b ≤ r ≤ r a onto an expanded ring ρ b ≤ ρ ≤ ρ a . In this case, the external boundary, r a = ρ a , is shared by both domains. Given that f′ = r′f (r) with f
Matching this equation to the Helmholtz equation in vacuum gives the nonmagnetic material parameters expressed as 2 2 ( ) ,
with all the intermediate derivation steps being shown in the Supplementary Materials, Section S1. In order to suppress reflection losses and improve the nanofocusing performance of our lens, impedance matching at both internal and external interfaces is critical. From Eq. (3), the impedance at both internal (output) and external (input) boundaries is given by
where n a and n b and are the refractive index of the outer and inner media, respectively. Following the conditions for the transformation derived, we ansatz a cubic transformation function as 3 2 ( ) , r ρ αρ βρ χρ δ = + + +
satisfying the following system that defines the required coefficients given by 
The proposed transformation (5-6) (i) satisfies the required boundary conditions at ρ = ρ a,b , and (ii) yields ideal focusing once the nonmagnetic constitutive parameters (3) are utilized.
The extreme anisotropy required for the transformation, as derived in the expressions of constitutive parameters (3), remains the most challenging limitation for lens construction, which also prevents its practical implementation. In particular, our nanofocusing device may require very large and positive ε ρ , which would be difficult to implement with existing naturally occurring materials. To relax this limitation, we introduce an azimuthal transformation φ = φ(f) that switches ε ρ to become negative. Assuming that s > 0, (s ∈ℝ), we consider the azimuthal transformation as f 
with a reduced set of nonmagnetic parameters given by 2 2 ( ) , ( / ) , 1.
with all the intermediate derivation steps being discussed in the Supplementary Materials, Section S1. One thing to note is that parameter s is unconstrained. As it defines the dispersion operating point, we may choose the parameter to match the operation point with the dispersive dielectric function of an available real-life metal used in our design. A detailed discussion of this important point is done in the Supplementary Materials, Section S6. We design a nanofocusing lenslet operating in air, n a = 1, with ρ a = 440 nm and ρ b = 40 nm. The refractive index of the inner medium is n b = 1.64, which is close to a typical refractive index of the optical lithography photoresist. For this optical lithography example, we propose a transformation function with practically realizable values of r b = 95 nm and s = 4.5. Figure 2A depicts the cubic transformation function, and Figure 2B shows the required anisotropic material properties of the nanofocusing device. Therefore, we come to the "ideal" constitutive parameters based on radial and azimuthal scaling transformations by considering both the focusing performance and the practical realization.
Layered systems: the CEMT and PEMT designs
The practical implementation of the proposed nanofocusing device would require an approximation technique, wherein the theoretical smooth distribution of radially dependent anisotropic material properties (see Figure 2B ) is substituted with a number of manufacturable layers, as shown in Figure 2C .
In this section, we analyze a nanofocusing device consisting of two distinct homogeneous materials (i.e. a binary metal-dielectric composite). Generally, for implementing gradient optical devices, a smooth ideal distribution of optical properties is approximated by a few layers of homogeneous materials. To accomplish this distribution, the sub-wavelength thin layers of the dispersive and non-dispersive homogeneous materials are carefully chosen and arranged. The effective material properties of a binary-phase cylindrical structure can be obtained from the quasistatic approximations [ 
which comprise the zeroth-order CEMT. Given that ln(1 + x) ≈ x + O(x 2 ), then for very thin layers, the CEMT equations (9) degenerate into the familiar expressions for the conventional planar effective-medium theory (PEMT) [23] . These equations are given by
These two dielectric functions, presented in Eqs. (9) and (10), can be treated as the design rules for the cylindrical nanofocusing device. However, it is essential to understand which of these two, PEMT or CEMT, provides superior nanofocusing performance. One of the goals of Section 3 is to present and discuss the results of this comparison. An illuminating way to analyze the concentric cylindrical binary metal-dielectric layers via a conformal mapping transformation is shown in the Supplementary Materials, Section S4. The Section also provides the relations of the radii of individual layers between the PEMT-and CEMT-based designs.
Results and discussion
To demonstrate the focal performance of the design using the derived high-order transformation, we first conduct field-mapping simulations using Fourier modal semi-analytical method. We choose an optical lithography relevant illumination wavelength of 365 nm. The geometry and material properties are the same as those shown in Section 2, specifically, Figure 2A and B, respectively. In this simulation, a TM-polarized Gaussian beam with a waist of w = λ is incident from the top boundary. The beam focus is located at the origin x 0 = 0, y 0 = 0. For the "ideal" design, the irradiance and the H-field of the Gaussian beam is depicted in Figure 3A and B, respectively. The details on the Gaussian beam illumination are presented in the Supplementary Materials, Section S3. The FEM simulations are also compared with the exact analytical expansion solutions of the wave equation, as shown in the Supplementary Materials, Section S7, Figure S4 . Figure 3C depicts the plot of the normalized irradiance for the high-order transformation design. The output port is located at ρ = (ρ b − 1). The output irradiance here is normalized with respect to the input power of the Gaussian beam incident on the outer boundary. From the plot, we can observe that the cubic transformation yields excellent nanofocusing performance: the full-width-at-half-maximum (FWHM) of the central peak is about 16 nm (about λ/23) and the power throughput is about 14 times higher than the input power.
The materials used to approximate the continuous radius-dependent anisotropic permittivity (see Figure 2B ) with discrete pairs of binary metal-dielectric layers are listed in Table 1 [28, 29] . The radii of the individual layers for the PEMT-and CEMT-based designs are shown in the Supplementary Materials, Section S5, Tables S1 and S2. Both the simulated irradiance and H-field of the nanofocusing device with nine pairs of binary metal-dielectric layers at λ = 365 nm are depicted in Figure 4 . The PEMT (see Figure 4A -C) and CEMT (see Figure 4D -F) designs are tested. Additionally, we use the exact expansion solution of the wave equation to validate the simulation results, as shown in the Supplementary Materials, Section S7, Figure S5 . Both the PEMT-and CEMT-based designs exhibit similar focusing performance, due to the large number of layers and the slight variation of the layer thicknesses. The probes are taken to be the same as in Figure 3C . From the line profiles at the probes shown in Figure 4C and F, both designs are capable of creating a focused hotspot at the output boundary. The nanofocusing performance is comparable to the ideal case of Figure 3 . Specifically, the FWHM is almost the same as in Figure 3C , which means that back reflection at the interface of each layer does not affect the focusing performance significantly. However, the reflection losses decrease the power throughput as the relative peak power for the PEMT design is decreased to about 5.5× the input power, whereas it is about 6× for the CEMT design in comparison with 14× for the ideal case. Therefore, even in the case of a larger number of layers and smaller thickness differences, the CEMT design still exhibit superior focusing performance compared with the PEMT design.
The performance gap between the PEMT-and CEMTbased designs becomes significantly more substantial as the number of layers decreases. After reducing the number of layers to five pairs, as depicted in Figure 5 , the CEMT design (see Figure 5D -F) continues to perform well and confine light. The FWHM of the central peak widens to 32.5 nm (about λ/11) and the power throughput is about 3.7 times higher than the input power. However, for the PEMT design with five paired layers (see Figure 5A -C) the peak vanishes and the output power is much lower than the input power. We also use the expansion solution of the wave equation to verify these simulation results, as shown in the Supplementary Materials, Section S7, Figure  S6 . Additionally, the cases for six and seven pairs and the analysis of sensitivity to fabrication errors are discussed in the Supplementary Materials, Section S8 and Section S9, respectively. Finally, we tested a structure designed specifically for manufacturability by truncating the cylinder with a flat output surface. The test was conducted by either depositing the structures on top of a flat substrate or embedding the structure in a host and then depositing a positive photoresist substrate film [21] , as shown in Figure 6 . In this case, truncating the cylinder affects the ideal nanofocusing and the approach based on the straightforward use of the cubic transformation concept fails to work. Nonetheless, it serves as an excellent initial guess for numerical optimization. Here, we take five pairs of bilayer metaldielectric layers as an example and use the particle swarm optimization method to achieve good nanofocusing performance, as depicted in Figure 6 . Note that when doing the optimization, we fix the same layer number, starting order, thickness of each pair, and dielectric permittivities. Following the optimization method, we obtain the thickness of each layer for five pairs of binary metal-dielectric layers, as shown in Table 2 . Hence, the initial prototypes of layered TO-based cylindrical devices enabled by CEMT allowed us to design a truncated half-cylinder lenslet with only five binary layers, and numerically optimized for manufacturabililty. This 440-nm radius device deposited on a substrate focuses light into the λ/13 spot with a power throughput ratio of around 3.5, corresponding to 40% of the incident power transmitted into/absorbed by the photoresist substrate film. This performance is virtually the same as that of the fully cylindrical CEMT design despite only being a half shell. Additionally, a truncated design without photoresist film is discussed in the Supplementary Materials, Section S11.
In summary, our simulation results of the ideal gradient design and metal-dielectric layered designs demonstrate good focusing performance. The proposed higher-order TO CEMT design considerably outperforms a design using conventional PEMT with the same limited number of layers. Additionally, simulations demonstrate the validity of our CEMT design in a fabrication realistic setup -with the presence of the photo-resist layer and half cylinder form-factor ( Figure 6 ). The proposed design procedure is general and can be utilized as an innovative approach to achieving robust nanofocusing.
Conclusions
Generally, the layout densities of on-chip photonic circuits are restricted by the weak nature of the nonlinear optical interactions required for the all-optical signal processing. The capability to focus optical signals far below the vacuum wavelength using the plasmonics provides a route to enhance the weak optical nonlinearity in natural materials [30] when short interaction lengths are required. Additionally, the hybrid plasmonic waveguides [31, 32] are perhaps one of the most popular nanofocusing approaches to achieve integration with silicon photonics. Finally, in addition to waveguides [9, 10] , other non-imaging nanofocusing devices, such as engineered antennas [6] [7] [8] and metasurfaces, have also been actively explored for sensing [2] , nonlinear optics [3] [4] [5] , and optical lithography [11, 12] . TO offers a systematic approach to constructing extreme photonic devices. The approach has already been probed for optimizing non-imaging ray optics devices, including omnidirectional light concentrators and absorbers [26] . Moreover, a hyperlens with an impedance-matched single interface for super-resolution imaging has already been demonstrated [14] . In the current paper, we proposed an alternative method for nanofocusing with high-order TO, thus providing impedance-matching at the input and output interfaces, which could easily be propelled beyond proofof-principle to technologically relevant implementation. Furthermore, we prove in this paper, that a newly developed high-order TO can be successfully applied to a line of nanofocusing devices by using CEMT; this approach can even be further improved to enhance the throughput by matching impedances at both the input and output interfaces. In short, using the formalism of high-order transformation optics, we generalize the concept of an impedance-matched nanofocusing device and demonstrate how the reflection losses at both the interfaces of the nanofocusing lenslet can be completely suppressed. This approach eliminates the undesired scattering within the limit of geometric optics and thus improves device efficiency, yielding a deep sub-wavelength (about λ/23) spot with an output to input power throughput ratio of about 14. We also demonstrate that the proposed "ideal" nanofocusing device can be substituted by a lamellar structure using two distinct effective-medium theory zeroth-order approximations, namely, PEMT and CEMT. The semianalytical simulations of the ideal and lamellar devices, which are illuminated with the Gaussian beam, indicate that the CEMT design demonstrates superior focusing performance and throughput versus the PEMT design for the same number and starting order of layers. Moreover, the conventional PEMT fails to adequately approximate the optical properties of the cylindrical structure in few-layer setups and provide nanofocusing in a realizable structure. From the conformal mapping point of view, we identify the genuinely curvilinear interfaces to be the cause of this disagreement. To correct this issue, we propose the CEMT design to realize a new nanofocusing device. By comparing with a conventional PEMT design, we find that the CEMT design improves the nanofocusing performance, particularly for the practical case of just a few binary metal-dielectric layers. Layered structures are commonly achieved by using the angled physical vapor deposition (see Supplementary Materials, Section S10). By adjusting the deposition angle and rotating the sample, this technique would allow for greater control over the thickness gradient from any angle along the curved surface, thus making it a promising method for fabricating a prototype device.
Our methodology, validated with numerically optimized truncated cylindrical lamellar structures, paves the way to designing practical nanofocusing systems and assessing the feasibility of few-layer structures compared with more complex multilayer counterparts for applications in transformative non-imaging applications.
